The power law distribution is usually used to fit data in the upper tail of the distribution. However, commonly it is not valid to model data in all the range. In this paper, we present a new family of distributions, the so-called Generalized Power Law (GPL), which can be useful for modeling data in all the range and possess power law tails. To do that, we model the exponent of the power law using a nonlinear function which depends on data and two parameters. Then, we provide some basic properties and some specific models of that new family of distributions. After that, we study a relevant model of the family, with special emphasis on the quantile and hazard functions, and the corresponding estimation and testing methods. Finally, as an empirical evidence, we study how the debt is distributed across municipalities in Spain. We check that power law model is only valid in the upper tail; we show analytically and graphically the competence of the new model with municipal debt data in the whole range; and we compare the new distribution with other well-known distributions including the Lognormal, the Generalized Pareto, the Fisk, the Burr type XII and the Dagum models.
Introduction
Many empirical analysis of diverse real phenomena (the population of the cities, the annual income of the people, the solar flare intensity, the failures in power grids, the protein interaction degree, etc) have confirmed the power law behavior in the upper tail of their distributions -the largest values of the variable of interest, above a certain lower bound, can be modeled statistically by a classical Pareto distribution, with shape parameter α also known as exponent of the power law or simply constant α (see, for example, [1, 2, 3, 4, 5] ). That empirical evidence comes with many advantages: it can help us to understand the underlying data generating process [6] ; it gives us tools for computer simulation of those phenomena [7] ; etc.
However, Pareto distribution is not usually valid to model those real phenomena in the whole range -if we consider high, medium and low ranges of those data all together, the power law behaviour usually disappears. For example: failures in power grids can be described by the Lomax distribution [8, 9] ; or in the case of protein interaction networks of three species (C.elegans, S.cerevisiae and E.coli), or in the case of the metabolic networks with human and yeast data, the lognormal distribution provides the best description for the empirical data [10] , in the whole range.
The Pareto distribution hierarchy, composed by Pareto type I (Power Law), Pareto type II (with Lomax distribution as a special case), Pareto type III and type IV, is a well known extension of the power law [11, 12] . Those family of distributions, also known as Generalized Pareto distributions, have extended the scope of the classical Pareto model, as for example, with the failures in power grids and the Lomax distribution, as mentioned previously.
The aim of this study is twofold. Firstly, to explore the properties of a new family of GPL distributions that we could use to model real phenomena in the whole range, phenomena with power law tail. Secondly, to provide empirical evidence of the efficacy of those distributions with real datasets. Our primary hypothesis was that Pareto shape parameter, the exponent α, is not constant and varies according to a non-linear function g which depends on data [13] . We found a surprisingly rich family of distributions, with only three parameters, which includes Pareto and Pareto Positive Stable (PPS) distributions as special cases, and we also found that a new distribution, a relevant model of that family, is a good alternative for modeling debt data of the indebted municipalities in Spain in the whole range.
The rest of this paper is organized as follows: in Section 2, we introduce a new family of GPL distributions; in Section 3, we present a new distribution, which belongs to that new family; an empirical application of that new distribution to municipal debt with Spanish data is included in Section 4; finally, the conclusions are given in Section 5.
A new family of Generalized Power Law distributions
In this section we obtain the new family of Generalized Power Law (GPL) distributions. Our idea is to construct an extension of the Power law, where the exponent is not constant and is modeled by using a non-linear function of the data. Then, let consider a real function g : (1, ∞) → R + continuous, positive and differentiable on (1, ∞) satisfying the following conditions,
and
Now, using g(·), we define the function
and F (x) = 0 if x ≤ σ. Note that σ is a scale parameter. We have the following Theorem.
Theorem 1 Let consider the functional form defined in (3), where the function g(·) satisfies conditions (1) and (2). Then (3) is a genuine cumulative distribution function (cdf ).
Proof: It is direct to check that F (−∞) = 0, F (∞) = 1 and F (x) is right continuous. Finally, F (x) is nondecreasing since,
The family of distributions define in Eq.(3) includes the classical Pareto distribution (also known as Power Law or Pareto type I distribution) [11, 14] as a special case when g(z) = α, ∀ z > 1 with α > 0.
Basic Properties
The survival function S(x) = Pr(X > x) = 1 − F (x) is given by:
and S(x) = 1 if x ≤ σ. The probability density function (pdf) of that family of distributions is given by,
is as follows:
if x > σ and h(x) = 0 if x ≤ σ. Some graphics of this family are included in Section 3 for a relevant special case.
Some models of generalized power law and extensions
In this section we present some specific models of Generalized Power Law distributions and we also provide some extensions of that new family of distributions. To model the g(·) function, we choose some flexible functions which depend on two parameters α and β, and that include as special case the constant function by setting β = 0. Table 1 provides some models of Generalized Power Law distributions, where we have reported the g(z) function, the survival function and the pdf. The simplest choice, that is, g(z) = α, corresponds to the usual power law, or classical Pareto distribution. The choice g(z) = α log β (z) corresponds to the PPS distribution [13, 15] . As far as we know, the rest of models are new.
On the other hand, we can consider some extensions of these models. These extensions can be obtained using the Pareto types II or IV models [12, 16, 17] , instead of the usual classical Pareto distribution. In these extensions, we incorporate a new location parameter or new location and shape Table 1 Some examples of distributions which belongs to the new family of distributions described.
parameters, respectively, and the support of the distribution is (µ, ∞),where µ ≥ 0. In this situation, the g(·) function is continuous, positive and differentiable on the interval (0, ∞) and satisfy:
In the case of Pareto II distribution, the new family of distributions is defined in terms of the cdf,
and F (x) = 0 if x ≤ µ, where µ is a location parameter, σ > 0 is a scale parameter and g(·) satisfies conditions (4) and (5).
In the case of the Pareto IV distribution, the new family of distributions is given by,
and F (x) = 0 if x ≤ µ, where µ is a location parameter, σ > 0 is a scale parameter, γ > 0 a shape parameter and g(·) satisfies again conditions (4), (5) .
A relevant model
In this section we study a relevant model of Generalized Power Law distribution. This model corresponds to the choice g(z) = α log z 1+log z β in Table  1 , and the cdf is given by,
and F (x) = 0 if x < σ, where α > 0 and β > −1 are shape parameters, and σ > 0 is a scale parameter. A random variable with cdf given by Eq.(6) will be denoted by X ∼ GPL(α, β, σ). This family includes the classical Pareto distribution (Power Law) when β = 0. We have GPL(α, 0, σ) ≡ Pa(α, σ).
The concept of tail equivalent (see [18, 19, 20, 21, 22, 23, 24] ) is satisfied by the GPL(α, β, σ) distribution. The following Theorem shows that the GPL(α, β, σ) distribution exhibit a power law behaviour when x is large.
Theorem 2
The GPL(α, β, σ) distribution, defined in Eq. (6) , and the Pareto distribution are right tail equivalent Proof: The proof is direct and it is based on the fact that,
where G(x) is the cumulative distribution function of the Pareto distribution.
In the following Theorem we show the domain of attraction for maxima (see [2, 25, 26, 27, 28, 29, 30, 31] )
Proof: We must check that 1 − F (x) is of regular variation of index −α,
which means that GPL(α, β, σ) is a heavy-tailed distribution and, for that, it can be useful for statistical modeling of phenomena with extremely large observations.
Basic Properties
and S(x) = 1 if x < σ. Figure 1 shows the survival function S(x) of the GPL(α, β, σ) distribution, given by Eq. (7), for different values of the shape parameters α and β, in log-log scale. The pdf of the GPL(α, β, σ) distribution is given by, Figure 2 shows the probability density function f (x), given by Eq. (8), for zero-modal and uni-modal curves. Remark that GPL(α, β, σ) distribution, as a distribution of the MDA of the Fréchet distribution, satisfies the von Mises condition [32] :
The hazard function is given by (see also Section 2.1):
and h(x) = 0 if x < σ. See Figure 3 for different shapes.
The quantile function Q(p) = F −1 (p) is defined implicitly as follows,
which can be used to simulate the random variable X ∼ GPL(α, β, σ) of our interest by the inverse transform method, from a random variable uniformly distributed U ∼ U(0, 1) and X = F −1 (U) [33, 34] . 
Estimation and Testing
The GPL(α, β, σ) distribution can be fitted using the method of maximum likelihood [35] . Let x 1 , . . . , x n be a sample of size n drawn from a GPL(α, β, σ) distribution. The log-likelihood function can be expressed as follows,
where (α, β, σ) is the unknown parameter vector of the model, f (x) is the pdf of the GPL(α, β, σ) distribution defined in Eq. (8), and the maximum likelihood estimation of the parameter vector (α,β,σ) is the one that maximizes the likelihood function log ℓ(α, β, σ).
The normal equations can be obtained by taking partial derivatives of Eq.(9) with respect to α, β, σ, and equating them to zero. If we use the auxiliar random variable W = log(X/σ), and we represent its observed values by w i = log(x i /σ), i = 1, . . . , n, the normal equations can be expressed as:
The previous equations (10) can be solved by numerical methods. In this study, maximum likelihood estimates of the parameters α, β and σ were computed by using the R software function optimx [36, 37] , with the limited memory quasi-Newton L-BFGS-B algorithm (in which bounds contraints are permited) [38, 39, 40] -for that, we took σ 0 equal to half of the smallest value of the sample, as the initial value of σ, and α 0 , β 0 the values obtained from the first two partial derivatives (in Eq.(10)) just plugging σ 0 into them.
We can compare the GPL(α, β, σ) distribution with other different models by using two model selection criteria: the Akaike information criterion (AIC), defined by [41] , AIC = −2 log L + 2d; or the Bayesian information criterion (BIC), defined by [42] 
where log L = log ℓ(α,β,σ) is the log-likelihood (see Eq. 9) of the model evaluated at the maximum likelihood estimates, d is the number of parameters (in the case of the GPL(α, β, σ) distribution, d = 3) and n is the number of data. The model chosen is the one with the smallest value of AIC statistic or with the largest value of BIC statistic. We can use rank-size plots (on a log-log scale) for graphical model validation. We can plot the complementary of the theoretical cdf (multiplied by n + 1) of the GPL(α, β, σ) model together with the scatter plot of the points (observed data) log(rank i ) versus log(x (i) ), i = 1, . . . , n, where
is the ordered sample of X and rank i = n + 1 − i [8] .
Finally, we can test the goodness-of-fit of the GPL(α, β, σ) model by a Kolmogorov-Smirnov (KS) test method based on bootstrap resampling [2, 8, 43, 44, 45, 46, 47] as follows: (1) calculating the empirical KS statistic of the GPL(α, β, σ) model for the observed data, KS = sup |F n (x i ) − F (x i ;α,β,σ)|, i = 1, 2, . . . , n, where F (x i ;α,β,σ) is the theoretical cdf of the GPL(α, β, σ) model fitted by maximum likelihood, in a sample value, and F n (x i ) ≈ (n + 1)
is the empirical cdf in a sample value with the indicated plotting position formula [48] ; (2) generate, by simulation, enough GPL(α, β, σ) synthetic data sets (in this study, we generated 10000 data sets), with the same sample size n -notice that the GPL(α, β, σ) quantile function Q(p) = F −1 (p) is defined implicitly, then, for this study, we used the R software function uniroot [36] ; (3) fit each GPL(α, β, σ) synthetic data set by maximum likelihood and obtained its theoretical cdf; (4) calculate the KS statistic for each GPL(α, β, σ) synthetic data set -with its own theoretical cdf; (5) calculate the p-value as the fraction of GPL(α, β, σ) synthetic data sets with a KS statistic greater than the empirical KS statistic; (6) null hypothesis H 0 : the data follow the GPL(α, β, σ) model can be rejected with the 0.1 level of significance if p-value< 0.1.
Empirical application to municipal debt in Spain
In this section, as an illustration, we show that GPL(α, β, σ) distribution can be useful for modeling Spanish municipalities debt.
The data
We considered debt data of the indebted municipalities in Spain. There are three levels of government in Spain: the State, the Autonomous Communities and the Local Entities [49, 50] . Municipalities belong to the third one -as a reference, there were 8117 municipalities in Spain in 2014 [51] . The expenditure of those councils, directed at providing essential local services to their citizens (street cleaning, local police, etc.), is financed through different sources: transfers, local taxes, public fares, etc. For several reasons (infrastructure investment, etc.), they can decide to contract debt -taking into account the municipal debt control of the institutional borrowing restrictions [52, 53, 54, 55, 56, 57, 58, 59, 60, 61, 62] . Our data sets were composed of information of Spanish indebted municipalities, whose debt was at least one thousand euros, dated on the 31st of December of each year, in the period 2008-2014, expressed in thousand of euros (kA C), published by the Spanish Ministry of the Finance and Public Administrations (see [63] ). Table 2 show the main empirical characteristics of the variable of our interest: the number of Spanish indebted municipalities analyzed (n); the total amount of borrowing of those indebted municipalities; the debt of the most indebted council; the minimum value of debt considered; the mean and standard deviation (in kA C); the skewness and kurtosis of that municipal debt. 
Power Law behavior in the upper tail
We analyzed the power law behavior of the Spanish municipal debt. For that, we followed the methodology proposed in Clauset et al. [64] , based on: (1) the maximum likelihood method, for fitting the Pareto distribution to the data -in this case, the maximum likelihood estimator for the scale parameter is the minimum value of the sample:σ = x min , and the maximum likelihood estimator for the shape parameterα is the Hill estimator [65] given bŷ
(2) the Kolmogorov-Smirnov (KS) test method based on bootstrap resampling, for testing the goodness-of-fit of Pareto model; and (3), for estimating the lower bound x min of the power law behavior, an iterative algorithm where x min is given by the minimum sample value in which the null hypothesis H 0 : the data follow a power law model can't be rejected at 0.1 level of significance. Table 3 shows, for each year: the shape parameter estimatesα obtained from the datasets analyzed; the corresponding scale parameter estimatesσ, which give us the minimum local debt that follows the power law behavior (in kA C); the number of municipalities that follow that behavior; the empirical KS statistics and the p-values obtained. It can be seen that power law behavior is only valid in the upper tail of the distribution -only the largest debts can be modeled with a classical Pareto distribution -since null hypothesis H 0 : the data follow a power law model can be rejected at the 0.1 level of significance for values of x min less thanσ and, in particular, it can be rejected if we considered the whole range of the distribution.
In addition, table 3 shows that shape parameter estimatesα are very close to 1 (Zipf's law for many authors, [66, 67, 68, 69, 70, 71, 72, 73, 74] ) for the first four years analyzed (2008) (2009) (2010) (2011) , and that they change in 2012 (likewise,σ and n) -coinciding with the political scene change after the Spanish municipal, regional and general elections held on 2011. Table 3 Parameter estimates (α,σ) from the Power Law model to the upper tail of the local debt datasets by maximum likelihood; number of municipalities (n) with the largest debts, which follow a power law behaviour; empirical KS statistics; and bootstrap p-values for that model (values of p < 0.1 indicate that the models can be ruled out with the 0.1 level of significance). Figure 4 shows, as a graphical model validation, the rank-size plots (on log-log scale) in the selected years 2008, 2011 and 2014, for the whole range of the datasets (left) and for the upper tail of the distribution (right). Those plots confirm, graphically, that power law model can be ruled out as an adequate model for the whole range of indebted municipalities, and that power law model may serve as an adequate model for municipalities with largest debts above a certain lower bound, in accordance with Table 3 . 
The new distribution in the whole range
In this section, we compare the GPL(α, β, σ) distribution with other eight models, and we test the adequacy of the GPL(α, β, σ) distribution to the datasets in the whole range.
We fitted the GPL(α, β, σ) model and those eight known models to the datasets, in the whole range, by maximum likelihood, from 2008 to 2014. Four of those eight models with two parameters: Pareto (Power Law); Lomax (Pareto type II with location parameter µ = 0) [75] ; Lognormal [76] and Fisk (Log-logistic) [77] distributions. The other four models with three parameters: Pareto type II; three-parameter lognormal; Burr type XII (SinghMaddala) [78, 79] and Dagum [80] distributions. Table 4 shows the cumulative distribution functions F (x) and the probability density functions f (x) of the nine models considered.
We compared those models using the Bayesian information criterion (BIC, see Eq. (11)). Table 5 shows the BIC statistics obtained, from the nine selected models (ranked by BIC), corresponding to our datasets in the whole range, from 2008 to 2014. GPL(α, β, σ) distribution presents the largest values of BIC statistics, therefore GPL(α, β, σ) distribution is the model chosen using that model selection criterion. Table 6 shows the corresponding parameter estimates and their standard errors from the GPL(α, β, σ) distribution.
We checked graphically the adequacy of the GPL(α, β, σ) distribution to the datasets in the whole range using rank-size plots. Figure 5 shows the plots obtained from 2008 to 2014.
Finally, we tested the goodness-of-fit of GPL(α, β, σ) distribution, by a Kolmogorov-Smirnov (KS) test method based on bootstrap resampling. Table 7 shows the values of the empirical KS statistics and the p-values obtained. It can be seen that we obtained p-values ≥ 0.1 in three of the seven years considered.
In summary, GPL(α, β, σ) distribution can be useful for modeling Spanish municipalities debt: it presents the best BIC statistics of the nine selected models; graphically it gives a reasonable description of the datasets; and it cannot be rejected with 0.1 level of significance in three of the seven years considered. Table 4 Cumulative distribution functions and probability density functions of the models fitted to the dataset in the whole range. Φ(z) denotes the standard normal CDF. Table 6 Parameter estimates from the GPL(α, β, σ) model, to Spanish municipal debt datasets, in the whole range, by maximum likelihood (standard errors in parenthesis). 
Conclusions
In this study, we focussed on modeling the whole range of empirical data, whose upper tail follows a power-law behaviour. To do that, we modeled the exponent of the classical Pareto distribution using a non-linear function.
We found a new family of Generalized Power Law distributions, with three parameters, which includes Pareto (power law, Pareto type I) and PPS distributions as special cases. We showed that it is a genuine family of distributions. We provided some particular functional forms of that family. And, as an extension, we presented two more new families of distributions based on Pareto type II and Pareto type IV distributions respectively.
We found a new distribution, the GPL(α, β, σ) distribution, which belongs to the new family of Generalized Power Law distributions described previously. We showed that GPL(α, β, σ) and Power Law models are right tail equivalent (GPL(α, β, σ) model exhibit a power law behavior in the tail) and that GPL(α, β, σ) model belongs to the Maximum Domain of Attraction of the Fréchet distribution, which means that GPL(α, β, σ) is a heavy-tailed distribution and it can be useful for statistical modeling of real phenomena with extremely large observations. We provided the genesis, the basic properties (including the quantile function for computer simulation), and the corresponding estimation and testing methods for that distribution.
Finally, we provided empirical evidence of the efficacy of the GPL(α, β, σ) distribution (and for extension, of the new family of Generalized Power Law distribution) with real datasets in the whole range. In particular, we showed that GPL(α, β, σ) model can be useful for modeling municipal debt data. For that, we considered information of Spanish indebted municipalities, whose debt was at least one thousand euros, in the period 2008-2014, published by the Spanish Ministry of the Finance and Public Administrations. We showed that the Spanish municipal debt follows a power law in the tail but not in the whole range. And finally, we showed analytically and graphically the competence of the GPL(α, β, σ) distribution with municipal debt data in the whole range, in comparison with other known distributions as the Lognormal, the Generalized Pareto, the Fisk, the Burr type XII and the Dagum distributions.
